Suppose that ðF n Þ N n¼0 is a sequence of regular families of finite subsets of N such that F 0 contains all singletons, and ðy n Þ N n¼1 is a nonincreasing null sequence in ð0; 1Þ: The mixed Tsirelson space TðF 0 ; ðy n ; F n Þ N n¼1 Þ is the completion of c 00 with respect to the implicitly defined norm
where jjxjj F0 ¼ sup F AF0 jjFxjj c 1 and the last supremum is taken over all sequences ðE i Þ k i¼1 in ½N oN such that max E i omin E iþ1 and fmin E i : 1pipkgAF n : In this paper, we compute the Bourgain c 1 -index of the space TðF 0 ; ðy n ; F n Þ N n¼1 Þ: As a consequence, it is shown that if Z is a countable ordinal not of the form o x for some limit ordinal x; then there is a Banach space
Introduction
Mixed Tsirelson spaces were first introduced by Argyros and Deliyanni [4] . They furnished the first examples of asymptotic c 1 -spaces shown to be arbitrarily distortable. Since their introduction, their distortion and finite dimensional c 1 -structures have been studied extensively [3, 5, 6, 15] . In the present paper, we focus our attention on the measure of c 1 -complexity given by Bourgain's c 1 -index [8] . The main results of the paper constitute a thorough investigation of the Bourgain c 1 -indices of mixed Tsirelson spaces. In the case of (Figiel and Johnson's version of) Tsirelson's space T [10] , it was shown in [9] that every normalized block basis in T is equivalent to a subsequence of the unit vector basis. Even though this does not hold in general for mixed Tsirelson spaces, we show that the idea can be exploited by comparing block basic sequences in a mixed Tsirelson space with subsequences of the unit vector basis in a related mixed Tsirelson space (Proposition 3). In particular, we obtain in Corollary 8 that every normalized block basic sequence in a mixed Tsirelson space TðF 0 ; ðy n ; S a n Þ c n¼1 Þ defined by finitely many Schreier families is equivalent to a subsequence of the unit vector basis in the same space. Our approach uses norming trees and may be considered as a descendant of that in [7] .
In Section 3, the comparison result is used to obtain bounds on the c 1 -index. It follows from our work (see Corollary 16 below) that if Z is a countable ordinal not of the form o x for some limit ordinal x; then there is a Banach space whose c 1 -index is o Z : This answers Question 1 in [12] . In Section 4, we introduce a method of constructing c 1 -trees of large index. This is a two-step method whereby many c 1 ðnÞ-block basic sequences are first constructed (Lemma 21) and these are then condensed into c 1 -trees by a compactness argument (Lemma 22). In the final section, we obtain the precise value of the c 1 -index of a mixed Tsirelson space defined in terms of ''standard'' Schreier families.
We set the notation in the remainder of the section. Endow the power set of N; identified with 2 N ; with the product topology. Denote by ½N oN the subspace consisting of all finite subsets of N: A family FD½N oN is said to be hereditary if GDF AF implies GAF: It is spreading if whenever F ¼ fn 1 ; y; n k gAF; n 1 o?on k ; and m 1 o?om k satisfy m i Xn i ; 1pipk; then fm 1 ; y; m k gAF: In this case, we also say that fm 1 ; y; m k g is a spreading of F : A regular family is one that is hereditary, spreading and compact (as a subset of the topological space ½N oN ). Let c 00 be the vector space of all finitely supported real sequences and let ðe k Þ be the standard unit vector basis of c 00 : If F is regular, define the seminorm jj Á jj F on c 00 by jj P a k e k jj F ¼ sup F AF P kAF ja k j: For EA½N oN and x ¼ P a k e k Ac 00 ; let Ex ¼ P kAE a k e k Ac 00 : Given a sequence of regular families ðF n Þ N n¼0 such that F 0 contains all singleton subsets of N; and a nonincreasing null sequence ðy n Þ N n¼1 in ð0; 1Þ; the mixed Tsirelson space TðF 0 ; ðy n ; F n Þ N n¼1 Þ is the completion of c 00 under the implicitly defined norm
where the last supremum is taken over all sequences ðE i Þ k i¼1 in ½N oN such that max E i omin E iþ1 and fmin E i : 1pipkgAF n : If M is an infinite subset of N; denote the set of all finite, respectively infinite, subsets of M by ½M oN ; respectively ½M: If E and F are finite subsets of N;
we write EoF ; respectively EpF ; to mean max Eomin F ; respectively, max Epmin F ðmax | ¼ 0 and min | ¼ N). We abbreviate fngoE and fngpE to noE and npE; respectively. Given FD½N oN ; a sequence of finite subsets fE 1 ; y; E n g of N is said to be F-admissible if E 1 o?oE n and fmin E 1 ; y; min E n gAF: If M and N are regular subsets of ½N oN ; we let
F i : F i AN for all i and fF 1 ; y; F k g is M-admissible
Given a sequence of regular families ðM i Þ; we define inductively ½M 1 ; M 2 ¼ M 1 ½M 2 and ½M 1 ; y; M iþ1 ¼ ½M 1 ; y; M i ½M iþ1 : Also, let
We abbreviate the k-fold construction ðM; y; MÞ as ðMÞ k : Of primary importance are the Schreier classes as defined in [1] . We will need a slightly extended version of such classes. Suppose that g : N-N is a function increasing to N: Let S g 0 ¼ ffng : nANg,f|g and S g 1 ¼ fF DN : jF jpgðmin F Þg: Here jF j denotes the cardinality of F : The higher Schreier classes are defined inductively as follows.
a for all aoo 1 : If a is a countable limit ordinal, choose a sequence ða n Þ strictly increasing to a and set
If g is the identity function, then we obtain the usual Schreier classes, and we abbreviate S g a to S a : It is clear that S g a is a regular family for all aoo 1 : If M ¼ ðm 1 ; m 2 ; yÞ is a subsequence of N; let S a ðMÞ ¼ ffm i : iAF g : F AS a g: Since S a is spreading, S a ðMÞDS a :
The norm in a mixed Tsirelson space can be computed in terms of trees [7, 15] . A tree in ½N oN is a finite collection of elements ðE If xAc 00 and T is an ðF n Þ-admissible tree, let Tx ¼ P tðEÞjjExjj; where the sum is taken over all leaves in T: It is easily observed that jjxjj ¼ maxfTx : T is an ðF n Þ-admissible treeg: An ðF n Þ-admissible tree is said to be complete (for a particular xAc 00 ) if jjExjj ¼ jjExjj F 0 for every leaf E in T: Clearly, for every xAc 00 ; there is a complete tree T such that jjxjj ¼ Tx: Let us observe that if we define jjxjj to be sup P tðEÞjjExjj F 0 ; where the sup is taken over all ðF n Þ-admissible trees T and the sum is taken over all leaves E in T; then the resulting norm satisfies the implicit equation (1) . 
Þ is isomorphic to TðF 0 ; ðy n ; G n Þ N n¼1 Þ via the formal identity.
Proof. Denote the norms on TðF 0 ; ðy n ; F n Þ N n¼1 Þ and TðF 0 ; ðy n ; G n Þ N n¼1 Þ by jj Á jj and jjj Á jjj respectively. Clearly, jjjxjjjpjjxjj for all xAc 00 : Given a fixed element xAc 00 ; let T F denote a complete ðF n Þ-admissible tree such that jjxjj ¼ T F x: If F is a node of T F other than the root, let G F ¼ F -½k; NÞ; where k is the unique integer such that m kÀ1 omaxfn 1 ; y; n r gpm k ; hðF Þ ¼ ð0; n 1 ; y; n r Þ: If F is the root of
For any rAN; let L r be the set of level r leaves in T F : Arrange the elements in L r as F 1 oF 2 o?oF c : If 1pjpc; write hðF j Þ ¼ ð0; n j;1 ; y; n j;r Þ and determine k j such that m k j À1 omaxfn j;1 ; y; n j;r gpm k j : If k j pj; then k j pjpF j : Thus G F j ¼ F j -½k j ; NÞ ¼ F j : Otherwise, jok j ; and hence tðF j ÞjjF j xjj F 0 py n j;1 yy n j;r jjxjj F 0 py
Finally, Þ by X : Let a n ¼ iðF n Þ; nAN,f0g: There is no loss of generality in assuming that a n 41 for all nAN: Since TðF 0 ; ðy n ; F n Þ N n¼1 Þ is obviously isometric to TðF 0 ; ðy n ; S n k¼1 F k Þ N n¼1 Þ via the formal identity, we may also assume that ða n Þ N n¼1
is a nondecreasing sequence. In the notation of Proposition 1, iðG n Þ ¼ iðF n Þ ¼ a n ; nAN: It is straightforward to check that S N n¼1 G n is a regular family. Relabelling each G n as F n ; nAN; we may henceforth assume that S 0 DF n for all nAN and that F ¼ S N n¼1 F n is regular. Denote sup nAN a n by a: Note that iðFÞ ¼ a:
2. An estimate on the norm Lemma 2. Let G and H be regular families. Suppose S k j¼1 F j AG½H; where F 1 oF 2 o?oF k : If F j eH for all j; 1pjpk; then fmin F 1 ; y; min F k gAG:
Proof. For any nonempty set GAG½H; let HðGÞ ¼ G-½1; n; where n is the largest integer in G such that G-½1; nAH: There is a unique decomposition G ¼ S k j¼1 G j ; where G 1 ; y; G k a| and G 
where i k ¼ max supp x k ; 1pkpp; and r 1 and r 2 are the norms on the mixed Tsirelson spaces TðF; ðy n ; F n Þ N n¼1 Þ and TðG; ðy n ;
Proof. With the given notation, let x ¼ P p k¼1 a k x k and y ¼ P p k¼1 a k e i k : Also let G k be the integer interval ði kÀ1 ; i k ði 0 ¼ 0Þ: Since xAc 00 ; there exists a complete ðF n Þ-admissible tree T such that jjxjj ¼ Tx: Each node EAT may be assumed to be contained in the integer interval ½1; i p : Call a node E long if E-G k a| for at least two values of k: Otherwise, term the node short. Let N be the smallest number such that y N pE: Take E 1 to be the collection of all minimal elements in the set of all long nodes EAT such that nðEÞ4N: Minimality is taken with respect to the order (reverse inclusion) in the tree T: Similarly, let E 2 be the collection of all minimal elements of the set of all short nodes that are not in ,fT E : EAE 1 g: Then let E 3 be the set of all leaves in T that are not in ,fT E : EAE 1 ,E 2 g: Observe that
The proof of the proposition is completed by combining Lemmas 4-7 below. & Lemma 4.
Proof. Arrange the nodes in E 1 as E 1 o?oE r : Since nðE j Þ4N; tðE j Þoy N pE: For 1pjpr; let J j ¼ fk : G k -E j a|g: Then J 1 p?pJ r ; and jJ j jX2 for all j: Hence P r j¼1 P kAJ j ja k jp2 P p k¼1 ja k j: It follows that
Proof. Since any node EAE 3 is a leaf in the complete tree T for x; jjExjj ¼ jjExjj
a k e j k : Because each EAE 3 is a long node, each k belongs to at most two J E : It follows that jjzjjp2jj
Observe that any ancestor F of any node in E 2 must be a long node such that nðF ÞpN: Subdivide E 2 into two parts E 21 and E 22 according to whether the node E in question satisfies nðEÞ4N or nðEÞpN: 
Hence,
If jeM; choose n 1 ; y; n s AN as in the hypothesis of Proposition 3. Note that
Hence, Combining inequalities (3), (4) and (5) Proof. For 1pkpp; let E 22 ðkÞ ¼ fEAE 22 : EDG k g: If E 22 ðkÞa|; denote by P k the collection of all minimal elements in the set of all nodes that are immediate predecessors of some node in E 22 ðkÞ: Observe that if PAP k ; then P is a long node and P-G k a|: Hence jP k jp2: For each PAP k ; choose an immediate successor E P of P such that E P AE 22 ðkÞ; then fix j P AE P : Note that the nodes in
Since jP k jp2; jjvjjp2jjyjj: Notice that tðE P Þ ¼ y nðE P Þ tðPÞXy N tðPÞ since EAE 22 implies nðE P ÞpN: Now
Observe that in the preceding proof, the hypothesis of Proposition 3 (that is, the existence of the family G) is used only in Lemma 6. One may consider mixed Tsirelson spaces Z ¼ TðF 0 ; ðy n ; F n Þ c n¼1 Þ determined by finitely many regular families, defined in the obvious way. For such spaces, it is worthwhile to observe the following corollary of the proof of Proposition 3. For any nAN; define A n to be the family of all subsets of N of cardinality pn: Corollary 8. Let the space Z be as above. There exists a constant KoN such that for any normalized block basic sequence ðx k Þ N k¼1 in Z and any ða k ÞAc 00 ;
where i k ¼ max supp x k ; 1pkoN: Moreover, if F n ½A 3 DðF n Þ 2 for all nAN; then the sequences ðx k Þ and ðe i k Þ are equivalent.
Proof. In the notation of the proof of Proposition 3, take N ¼ c:
In particular, the hypothesis in Proposition 3 is no longer required since Lemma 6 is not needed any more. Lemmas 5 and 7 give the desired result.
For the ''moreover'' part, observe that if j k ¼ min supp x k ; 1pkoN; then
is a sequence of regular families that satisfies F n ½A 3 DðF n Þ 2 for all nAN and S 0 DF n for all nAN,f0g: Define a sequence of norms ðjj Á jj m Þ as follows: jjxjj 0 ¼ sup F AF 0 jjFxjj c 1 and for mAN,f0g;
It is well known that jjxjj ¼ lim m jjxjj m gives the norm on the mixed Tsirelson space TðF 0 ; ðy n ; F n Þ N n¼1 Þ: The idea of the proof of the next proposition comes from [9, Lemma 2] . Let ði k Þ; ðj k ÞA½N be such that j k pi k oj kþ1 for all kAN: For EDN; let the left shift of E be the set L E ¼ fj k : i k AEg:
Proposition 9. For all ða k ÞAc 00 ; mAN; there exist E 1 oE 2 oE 3 such that
where x ¼ P a k e i k and y ¼ P a k e j k :
Proof. The proof is by induction on m:
Suppose that the proposition is true for some m: If jjxjj mþ1 ¼ jjxjj m ; the conclusion follows from induction as jj Á jj m pjj Á jj mþ1 : Otherwise,
for some nAN and some F n -admissible sequence ðE i Þ 
for all 1pipr: (Ignore the undefined terms F rþ1 1 ; L E rþ1 and E rþ1 here and subsequently in the proof.) Hence
Clearly, fmin F 1 1 gAS 0 DF n as well. Thus
g is a spreading of this set, it belongs to ðF n Þ 3 : Suppose that the remark is true for some a:
Hence we can write
This proves the remark for the case a þ 1: Suppose that the remark is true for all 0oboa; where a is a countable limit ordinal. Let JAS a ½A 3 : Then JAS a n ½A 3 for some npmin J; where ða n Þ is the sequence of ordinals used to define S a : This implies that JAðS a n Þ 2 for some npmin J by induction. Hence JAðS a Þ 2 : &
Bounds on the c 1 -index
Let us recall the relevant terminology concerning trees. A tree on a set S is a subset T of S N n¼1 S n such that ðx 1 ; y; x n ÞAT whenever nAN and ðx 1 ; y; x nþ1 ÞAT: If ðx 1 ; y; x n ÞAT and 1pmon; the sequence ðx 1 ; y; x m Þ is said to be an ancestor of ðx 1 ; y; x n Þ: A tree T is well-founded if there is no infinite sequence ðx n Þ in S such that ðx 1 ; y; x n ÞAT for all n: Given a well-founded tree T; we define the derived tree DðTÞ to be the set of all ðx 1 ; y; x n ÞAT such that ðx 1 ; y; x n ; xÞAT for some xAS: P n i¼1 ja i j whenever ðx 1 ; y; x n ÞAT and ða i ÞDR: If E has a basis ðe i Þ; a block tree on E is a tree T on E so that every ðx 1 ; y; x n ÞAT is a finite block basis of ðe i Þ: An c 1 -K-block tree on E is a block tree that is also an c 1 -K-tree. The index IðE; KÞ is defined to be supfoðTÞ : T is an c 1 -K-tree on Eg: If E has a basis ðe i Þ; the index I b ðE; KÞ is defined similarly, with the supremum taken over all c 1 -K-block trees. [2, 12] for in depth discussions of these and related indices.
Our concern for the rest of the paper is the calculation of the index I b ðX Þ; where X is the mixed Tsirelson space TðF 0 ; ðy n ; F n Þ
In the remainder of this section, we apply Proposition 3 to obtain an upper bound on the c 1 -index of X : For each nAN; let CðnÞ ¼ fð0; n 1 ; y; n s Þ : n 1 ; y; n s ; sAN; n 1 þ n 2 þ ? þ n s png and p n ¼ supfy n 1 yy n s :
Obviously CðnÞ is a finite set. Denote its cardinality by pðnÞ: It is clear that lim n-N p n ¼ 0:
Suppose that H is a regular family containing S 0 and that r is the norm on the space TðH; ðy n ; F n Þ N n¼1 Þ: For all xAc 00 and all nAN; we have
where M ¼ S ð0;n 1 ;y;n s ÞACðnÞ ½F n 1 ; y; F n s :
Proof. There exists an ðF n Þ-admissible tree T such that
where L is the set of all leaves of T: Let L ðn 1 ;y;n s Þ be the set of all EAL such that hðEÞ ¼ ð0; n 1 ; y; n s Þ: Then Given a countable ordinal Z; define the order (or the logarithm) cðZÞ of the ordinal Z to be g 1 ; where
Observe that in the notation of Proposition 3, if we take r to be the norm on the space TðF 0 ,G; ðy n ; F n Þ N n¼1 Þ; then jj Á jjpr and r 2 pr: Thus inequality (2) implies
If ðx k Þ n k¼1 and ðy k Þ n k¼1 are sequences in possibly different normed spaces, and 0oKoN; we write ðx k Þ n k¼1 j K ðy k Þ n k¼1 to mean Kjj P n k¼1 a k x k jjXjj P n k¼1 a k y k jj for all ða k ÞAc 00 : Proposition 14. Suppose for all E40; there exist a regular family G E and m 0 AN such that for all mXm 0 ; there exist n 1 ; y; n s AN satisfying y m oEy n 1 yy n s and F m D½G E ; F n 1 ; y; F n s : Then 
where r is the norm on TðF 0 ,G E 0 ; ðy n ; F n Þ N n¼1 Þ: Let cða n Þ ¼ g n for all nAN and cða 0 3iðG E 0 ÞÞ ¼ g: Then
for all nAN: Hence oðTÞ4o gþg n Áo for all nAN: Given F AHðTÞ; there exists ðx 1 ; x 2 ; y; x n ÞAT such that F ¼ fi k g n k¼1 ¼ fmax supp x k g n k¼1 : Since ðx 1 ; x 2 ; y; x n ÞAT; ðx 1 ; x 2 ; y; x n Þ j H c 1 ðjF jÞ-basis. Thus
Since it is clear that ðe k Þ kAG j 1 ðe k Þ kAF whenever G is a spreading of F ; it follows that
for all GAGðTÞ: Assume that g n a0 for some n: Then g n a0 for all sufficiently large n: 
contrary to (6) . This proves the proposition in case g n a0 for some n:
If g n ¼ 0 for all n; then a o n ¼ o for all n: (Recall that we assume a n 41 for all nAN:)
By 
contradicting (6) . & Proof. 1. The first inequality follows from Proposition 10. Since S 0 DF n for all n; F m DFD½F; F n 1 ; y; F n s for all m; n 1 ; y; n s AN: The second inequality follows from Proposition 14 upon taking G E ¼ F and m 0 to be a number such that y m 0 oEy 1 : 2. and 3. are clear. 
If g k is 0 or a successor ordinal, then the result follows immediately from [13, Corollary 14] . If g k is a limit ordinal, let ðb n Þ be a sequence of ordinals increasing to g k : Choose regular families
Attaining the upper bound
Henceforth, we shall consider only the case where a n oa for all nAN,f0g and a is of the form o The next theorem gives a sufficient condition for the upper estimate to be attained. Given mAN and E40; define g ¼ gðE; mÞ ¼ cða 0 Þ þ maxfcða n s ya n 1 Þ : Proof. Since x is a limit ordinal, the sequence ðcðcða n ÞÞÞ converges to x: Hence for all box; there exists mAN such that cðcða m ÞÞ4b3cðcða mÀ1 ÞÞ3cðcða 0 ÞÞ: Suppose y n 1 yy n s 4y m for some n 1 ; y; n s AN: Then n 1 ; y; n s om: Hence cða 0 Þ; cða n i Þoo cðcða m ÞÞ for all 1pips: Now for all 1pips; a n i po cða n i Þþ1 : Thus a 0 Á a n s ?a n 1 po cða 0 Þþ1þcða ns Þþ1þ?þcða n 1 Þþ1 :
The last inequality follows from the fact that if
Hence we have cða 0 Á a n s ya 
where
NÞ and
Note that this choice is possible by Gasparis [11] since
If F ¼ fi 1 ; y; i r gAS o x ; i 1 o?oi r ; then F AS b k for some kpi 1 : Consider the block basic sequence ðx D½q i j ; q i j þ1 Þ; 1pjpr: Moreover, the set fq i 1 ; y; q i r g is a spreading of fi 1 ; y; i r g ¼ F and hence belongs to S b k : Thus
Therefore, given any ða j ÞAc 00 ;
Normalizing the sequence ðx 
To complete the proof of Theorem 17, we apply a compactness argument to condense the block basic sequences obtained in Lemma 21 into a tree. Let Y be a set and let ðA n Þ N n¼1 be a sequence of pairwise disjoint finite subsets of Y : Suppose that a given set
is hereditary in the sense that ðx n Þ nAG AX whenever ðx n Þ nAF AX and |aGDF :
Proposition 22. Let HD½N oN be a regular family with o 1 4iðHÞXaX1: Suppose for all nonempty F AH; there exists ðx n Þ nAF AX: Then there exists a tree T on Y such that TDX and oðTÞXa:
Proof. Assume that H is regular and nonempty. There exists n 0 AN such that fngAH for all nXn 0 : By hypothesis, there exists ðx n ÞAX for all nXn 0 : Let T ¼ fðx n Þ : nXn 0 g: Then TDX and oðTÞX1: Suppose the proposition is true for some aX1: Let HD½N oN be a regular family satisfying the hypothesis such that o 1 4iðHÞXa þ 1: Pick a singleton set fn 0 gAH ðaÞ and let
Then G is regular and iðGÞXaX1: Correspondingly, let
Since X is hereditary, so is Y: Let a nonempty set GAG be given. Then there exists ðx n Þ nAfn 0 g,G AX such that ðx n Þ nAG AY: By the inductive hypothesis, there exists a tree 
Thus ðy k Þ kAF AX: By Proposition 22, there exists a tree T on X such that TDX and oðTÞXiðF n ½S o x Þ ¼ o o x Á a n : Since TDX; it is an c 1 -c n -block tree. Thus 
Cantor normal form, and g : N-N is a function increasing to N: There exist regular families
Proposition 25. Under the hypotheses of Theorem 23, there exist regular families ðF n Þ N n¼0 and G with iðF n Þ ¼ a n ; iðGÞ ¼ o Proof. We define the families ðF n Þ N n¼0 and a corresponding sequence of functions ðg n Þ N n¼1 inductively. Let F 0 ¼ R a 0 ; F 1 ¼ R a 1 and g 1 ðkÞ ¼ k for all kAN: Suppose that g n and F n have been defined. If a nþ1 oo; let F nþ1 ¼ R a nþ1 and g nþ1 ¼ g n : If a nþ1 Xo; pick xðk; nÞAc 00 for each kAN such that (1) min supp xðk; nÞXk; (2) jjxðk; nÞjj c 1 ¼ 1=y nþ1 ; and (3) jjxðk; nÞjj ½F n 1 ;y;F ns ;F 0 p 1 jAj whenever ðn 1 ; y; n s ÞAA;
where A ¼ fðn 1 ; y; n s Þ : y n 1 yy n s 4y nþ1 g: Choose an increasing function g nþ1 : N-N such that g nþ1 Xg n and supp xðk; pÞD½k; g nþ1 ðkÞÞ for all 1pppn; kAN: Then choose families G nþ1 and H nþ1 corresponding to a nþ1 and g nþ1 using Lemma 24. Finally, define F nþ1 ¼ ðH nþ1 ; G nþ1 ½S g nþ1 1 Þ: Note that iðF n Þ ¼ a n for all n: This completes the inductive definition of the families ðF n Þ 
This proves the claim. 
Standard Schreier families
For all limit ordinals aoo 1 ; fix a sequence of ordinals strictly increasing to a:
( where ðz n Þ is the chosen sequence of ordinals increasing to b k : It is clear that if a is a countable limit ordinal such that cðaÞpZ for some
a n for all m; nAN: Throughout this section, we assume that the Schreier families S a are defined using these choices. For such ''standard'' Schreier families, the converse of Theorem 17 holds. The crucial set theoretic property of the standard Schreier families is encapsulated in the next lemma.
Lemma 26. If a and Z are countable ordinals such that cðaÞpZ and mAN; then
Proof. The proof is by induction on a: The case a ¼ 0 is clear. The result holds for a ¼ 1 by definition of S o Z Ámþ1 : Suppose the lemma is true for some a: Then
Suppose a is a limit ordinal and the lemma holds for all goa: By the remark above,
3F AS o Z Ámþ# a n for some npmin F by induction; Hence there exist n 1 ; y; n s AN such that Ey n 1 yy n s 4y m and
Choose r 0 AN such that cða 0 Þ þ 2po xÀ1 Á r 0 and write b n ¼ o xÀ1 Á r n þ g n for all nAN; where r n AN,f0g and g n oo xÀ1 : Then r 0 þ r n 1 þ ? þ r n s þ rXr m : If r n 40;
Ár n by Lemma 26
The inclusion is obvious if r n ¼ 0: Therefore, using Lemma 26 again, 
Consequently, by Theorem 27, I b ðTðF 0 ; ðy n ; S n Þ Proposition 29. Suppose that F 0 is a regular family containing S 0 and iðF 0 Þoo: Let ðy n Þ be a nonincreasing null sequence in ð0; 1Þ: Denote the space TðF 0 ; ðy n ; A n Þ N n¼1 Þ by Y : Assume that every term ðy n ; A n Þ is essential in the sense that there exists a nonzero xAY such that jjxjj ¼ y n P n j¼1 jjE j xjj for some E 1 o?oE n : Then On the other hand, assume that inf rAN sup n y rn y n ¼ E40: Let rAN be given. There exists n such that y rn y n 4 E 2 : Choose a normalized vector x such that 1 ¼ y n P n i¼1 jjE i xjj for some E 1 o?oE n : Define a sequence ðy j Þ so that each y j is a right shift of x so that supp y j osupp y jþ1 : Clearly jjy j jjXjjxjj ¼ 1 for all j: However, there exists sAN such that jF jps for all F AF 0 : Thus jjj Á jjjpjj Á jjpsjjj Á jjj; where jjj Á jjj is the norm of the space TðS 0 ; ðy n ; A n Þ N n¼1 Þ: Note that the norm jjj Á jjj is shift invariant. Hence jjy j jjpsjjjy j jjj ¼ sjjjxjjjpsjjxjj ¼ s for all j:
Moreover, for an appropriate shift E The authors [14] have shown that X contains c 1 o -spreading models (without the ''hereditary'') under the strictly weaker assumption lim m lim sup n y mþn y n 40: More generally, it has been proven that the assumptions of Theorem 17 ensure that TðS 0 ; ðy n ; F n Þ N n¼1 Þ contains an c 1 o x -spreading model [14] .
